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A Fermionic Chern insulator serves as a building block
for a plethora of topological phases of matter. Chern insu-
lators have now been realized by imposing magnetic order
on topological insulators [1], in hexagonal arrays of helical
waveguides [2], or by driving graphene [3] or graphene-
like optical lattices [4] with circularly polarized light. It is
known that light beams, in addition to spin angular mo-
mentum (SAM), can also carry orbital angular momen-
tum (OAM) [5, 6]. Such OAM beams are now being ex-
tensively used for new applications [7] in a variety of fields
which include optical communication [8, 9], quantum in-
formation [10], cosmology [11], and attophysics [12, 13].
These beams are characterized by a phase singularity at
the center. The possibility of impinging these beams to
create Fermionic topological phases of matter that can
harness the central phase singularity of an optical vortex
beam has not yet been explored. Here, we propose how
a linearly polarized OAM beam can be used to realize a
Fermionic Chern insulator.
The Haldane model is a paradigmatic model of a Chern in-
sulator first proposed on a graphene lattice. There the time-
reversal symmtery (TRS) breaking induces topological insu-
lating behavior [14]. The tight binding model of graphene
consists of a monolayer of hexagonal lattice of carbon atoms
with two pi-bands [15]. Its Hamiltonian is well modeled
by nearest neighbor hopping of electrons between two sub-
lattices A and B. Under periodic boundary conditions, the
system is translationally invariant and has a gapless spectrum
at some isolated points in the quasi-momentum space; the
quasi-momentum being a good quantum number due to trans-
lational invariance. Such points are called Dirac points (DP)
due to their massless relativistic dispersion at very low ener-
gies. These gapless points are protected by three symmetries:
chiral (same mass of the two sublattices), time-reversal, and
crystal symmetry C3. However, placing the monolayer on
a substrate such as hexagonal Silicon Carbide or hexagonal
Boron Nitride introduces an energy difference between the
sublattices [16], described by the Semenoff mass term [17],
which breaks the sublattice or chiral symmetry. Nonetheless,
this only results in a gap that is topologically trivial, due to
the presence of TRS. The trivial topology is evidenced by the
zero value of a topological invariant called the Chern num-
ber calculated over the filled bands of the system. Therefore,
to realize a topologically non-trivial insulator, TRS must be
broken.
∗ utso.bhattacharya@icfo.eu
The key idea to generate a topologically non-trivial mass
term was first put forward in a seminal paper by F.D.M. Hal-
dane [14], where he used staggered magnetic fluxes thread-
ing through every plaquette of the hexagonal lattice in such
a way that the translational invariance remains intact and the
nearest neighbor electronic hoppings pick up zero net mag-
netic flux. The second nearest neighbor hoppings, however,
pick up a net flux which is opposite for the two sublattices.
A topological Chern insulator is thus created in this two band
system due to the complex hoppings of second neighbor elec-
trons, which in fact opens up a gap at the DPs because of the
generation of a TRS breaking Haldane mass term. The non-
trivial topology of this model can be inferred from the Chern
number which becomes ±1 whenever the Haldane mass term
dominates over the Semenoff mass term. The tremendous
importance of this scheme lies in the fact that now (anoma-
lous) quantum Hall effect can appear as an intrinsic property
of a band structure, rather than being caused by an external
magnetic field. The Haldane model has provided the concep-
tual mechanism for theoretical and experimental research ex-
ploring various topologically distinct phases of matter, and its
challenging physical realization has been achieved in magnet-
ically ordered topological insulators [1] and [2]. In addition
to these examples where time-reversal symmetry is broken by
intrinsic properties of the real or synthetic material, there have
also been realizations with cold atoms in graphene-like opti-
cal lattices [4], or more recently in a real graphene lattice [3],
where time reversal symmetry is broken by driving the system
with circularly polarized light.
Such a realization of the Haldane model using Floquet en-
gineering was first proposed by Oka and Aoki [18]. They
showed that irradiating a monolayer of graphene with circu-
larly polarized (CP) light can result in the creation of a Flo-
quet induced Haldane mass. The spin polarization of the light
introduces a chirality or a handedness by breaking the TRS
of the two band system. The two eigenstates of the Floquet
Hamiltonian then acquire non-zero Chern numbers which in
turn leads to a non-trivial band topology. The spin polariza-
tion or the spin angular momentum (SAM) of CP light being
odd under TRS is in fact responsible for the generation of a
Haldane mass in the Floquet system. The CP light used there
carries SAM, but no net OAM. Here we address, and answer
affirmatively, the question whether, instead of using CP light
with zero net OAM, it is possible to use linearly polarized light
(zero SAM), but with some integer OAM, to create a Floquet
Chern insulator.
We begin with the static Hamiltonian H0 for graphene with
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2nearest neighbor hopping of electrons.
H0 =− t0
∑
ri,j=1,2,3
(
b†ri+djari + a
†
ribri+dj
)
+ ∆0
∑
ri
(
a†riari − b†ri+d1bri+d1
)
. (1)
The Fermionic operators cr(c†r) annihilates (creates) an elec-
tron at position r with c = a, b for sublattices A and B, re-
spectively. The vectors ri span sublattice A, and di are the
position vectors to the three nearest neighbors (see Methods)
around each A site of the hexagonal plaquette. The first term
inH0 describes the hopping of electrons between the two sub-
lattices A and B with tunneling strength t0, and the second
term accounts for a staggered sublattice symmetry breaking
mass ∆0. We now consider two situations where we irradiate
a graphene monolayer with: (a) a circularly polarized light
with zero OAM and (b) a linearly polarized vortex beam with
finite OAM. In this work, we compare these two situations and
demonstrate that even the linearly polarized OAM beam can
make the system topologically non-trivial. Here we use the
velocity gauge to incorporate the effects of the two periodic
drives. The electric field of lightE(t) in the Coulomb gauge is
related to the vector potential via the relationE(t) = −∂A(t)∂t ;
we also set ~ = 1 and speed of light c = 1. We consider
the effect of this vector potential on the hopping term by mak-
ing Peierls substitution (see Methods). To analyze the two
cases mentioned above, we employ Floquet theory and use
van Vleck high frequency expansion [19] to derive an effec-
tive Floquet Hamiltonian. Numerically, using exact diagonal-
ization, as well as a semi-analytic construction, we study the
Floquet Hamiltonian in both situations.
We first discuss the case of graphene irradiated with CP
light which is characterized by a vector potential:
A = A0 cosωt xˆ±A0 sinωt yˆ (2)
where xˆ, yˆ are orthonormal unit vectors in Cartesian coordi-
nates, ± stands for right- or left -circular polarisation of the
light field, ω is the frequency, and A0 is the amplitude of the
vector potential which in the dipole approximation, is con-
sidered spatially uniform over the whole lattice. It can be
shown that this drive generates complex next nearest neighbor
(NNN) hopping terms with opposite sign for A and B sites.
As a result of this term, the system becomes equivalent to the
static Haldane Chern insulator. In this case, the NNN hopping
gives rise to a TRS breaking mass termmCP ∝ t
2
0(J1(A0))
2
ω for
each valley in the reciprocal space, where J1 denotes the first
Bessel function. This mass term competes with the Semenoff
mass term to push the system to a topological phase with non-
zero Chern invariant. For large frequencies and small electric
field amplitudes Eamp = iωA0, this terms goes as
E2amp
ω3 (see
Methods).
We now turn our attention to the second scenario, where we
shine linearly polarized OAM beam on graphene. For OAM
drive, we use a vector potential given by:
A(x, y) =
(
Ax(r)e
ilφeiωt +A∗x(r)e
−ilφe−iωt
)
xˆ (3)
where φ = tan−1( y−y0x−x0 ) and in the present case, we chose
its center at (x0, y0) = (0, 0) so that it doesn’t lie directly on
any lattice site. We immediately note that the vector potential
is position dependent and thus breaks translational invariance
of the lattice. As a result of this spatial dependence, quasi-
momenta kx, ky are no longer good quantum numbers. There-
fore, to study the system a real space analysis is imperative.
The amplitude Ax(r) is a function of radial position r with a
singularity at r = 0, as for instance in a Laguerre-Gaussian or
a Bessel beam, but for now, we choose a constant amplitude
A0 for r 6= 0 so that we can solely focus on the phase of the
light which generates the OAM. Again, we include the vector
potential via Peierls substitution to derive a Floquet Hamilto-
nian (see Methods). However, in contrast to the CP drive, in
this case, both the NNN hopping amplitude and phase in the
effective Hamiltonian are position dependent.
Generally, a direct measure of the bulk topology of a sys-
tem is the Chern invariant, which is usually defined as an inte-
gral over the Berry curvature of a band, and thus requires the
presence of translational invariance. Since the present sce-
nario lacks translational invariance, we cannot calculate the
quasimomentum-space bulk Chern number, and hence we rely
on the real-space formulation discussed in Ref. [20, 21]. In
this formalism, one can infer the Chern number of the sys-
tem from the macroscopic average of a gauge invariant mi-
croscopic function known as local marker of Chern number
(see Methods for more details). We quickly present the result
of the topological invariant from the local markers of Chern
number (LMCN) for the following three situations: (i) triv-
ially gapped graphene, (ii) Haldane model, (iii) CP driven
graphene (non-zero SAM, zero OAM), and then compare the
results with that of (iv) OAM driven graphene (zero SAM,
non-zero OAM). For all cases, we consider a lattice under
open boundary condition (OBC) in both directions, and we
plot the LMCN for every point in the lattice: Fig. 1(b) shows
the result for case (i), with the local Chern number being zero
everywhere in the bulk and at the edges. This correctly cap-
tures the fact that TRS is intact, and the energy gap due to
broken sublattice symmetry leaves the system topologically
trivial. In contrast, Figs. 1(c) and (f), which correspond to
the cases (ii) and (iii) of broken TRS, clearly demonstrate
topologically non-trivial behavior. Specifically, the LMCN
exhibits edge states (in black as shown in the colorbars along-
side the figure) with averaged bulk Chern number +1. We
also note that the edge LMCN and the averaged bulk Chern
number have equal and opposite contributions as expected ac-
cording to Ref. [20]. Furthermore, on reversing the sign of the
mass term in the static case or the polarisation of light in the
driven scenario, the edge (and bulk) value of LMCN reverses
as expected (see Methods for more details). These results es-
tablish that LMCN are an excellent means of identifying topo-
logical phases in the absence of translational invariance.
We are now set to apply this tool to case (iv), our prime case
of interest. Fig. 2(b) shows the corresponding LMCN plot for
a rectangular system, while Fig. 2(c) shows the LMCN for
a sample with Corbino geometry. In the rectangular system,
we have assumed that the light beam is of constant intensity.
As this assumption does not hold in the vicinity of the optical
3FIG. 1. Static vs. driven Chern insulator. (a) Spectra for Haldane model (∆0 = 0.125t0): Energy vs. next-nearest neighbor hopping t2
in a system with open boundary (upper plot), and energy vs. wavevector kx in a system with periodic boundary (lower plots), for gapped and
topological regime respectively. The topological regime is characterized by edge states crossing the band gap. (b) Local Markers of Chern
number (LMCN) in the trivially gapped regime (graphene Hamiltonian), and (c) LMCN in the non-trivial regime (Haldane Hamiltonian). (d)
Floquet spectra for graphene driven by circularly polarized light (∆0 = 0.125t0, ~ω = 15t0): Energy vs. driving amplitude Eamp in a system
with open boundary (upper plot), and energy vs. wavevector kx in a system with periodic boundary (lower plots), for gapped and topological
regime respectively. (e) LMCN in the trivial regime, (f) LMCN in non-trivial regime, of driven graphene.
vortex, we have also considered a sample in a Corbino geom-
etry, in which the optical vortex of a Bessel beam is placed
at the center of the annular hole albeit making sure that the
intensity from the beam reaches its peak value between the
two edges of the sample. Both plots, Figs. 2(b) and (c), con-
clusively reveal that the system hosts chiral topological edge
states. In case of the Corbino sample, the inner circular edge
of the sample has a non-zero integer quantized LMCN with
value −1 (white) whereas the outer edge of the sample has a
LMCN with value +1 (black). Similarly, in case of the rect-
angular system, the LMCN at the sample edge averages to +1
(black). Furthermore, in both cases, the local Chern number
changes sign along the two edges on reversing the OAM of
the beam, indicating that the chirality of these states is due to
the OAM of the beam. This conclusion is also corroborated by
the constant intensity case (rectangular sample), which reveals
that the phase winding of the beam is sufficient to generate the
Chern insulating behavior. We now want to take a deeper look
at the topological edge states in the three cases (ii)–(iv) dis-
cussed above. To this end, under complete OBC, we plot the
energy spectra against the parameter which controls the com-
plex NNN hopping: In the static Haldane model, this is simply
t2, whereas for the driven cases it is the amplitude Eamp of the
light field. All spectra, shown in Fig. 1(a), 1(d), and 2(a), have
one feature in common: The energy gap due to a finite Se-
menoff mass closes when the control parameter becomes suf-
ficiently strong, which distinguishes a gapped phase (shaded
in red) from a gapless (at edge) phase (shaded in green). The
observed gap closing is due to the occurence of an in-gap
state, which can easily be visualized for case (ii) and case
(iii). In these cases, the presence of translational symmetry
allows us to apply PBC along the x-direction, and the lower
plots in Figs. 1(a) and (d) show the resulting energy disper-
sion in both the gapped and the gapless regime. We observe
that the vanishing of the gap is due to a single energy level
which connects one valley of the conduction band to the op-
posite in the valence band. In contrast, in the gapped regime,
the energy dispersion exhibits topologically trivial edge states
which connect the Dirac modes within each band, but without
crossing the gap between conduction and valence band. Due
to the lack of translational invariance an analogous plot for
the quasienergy spectra against a conserved quasi-momentum
is not possible in the OAM driven scenario, but the appear-
ance of in-gap states is seen from Fig. 2(a), and hints for a
non-trivial topological phase with chiral edge states.
We finally want to reveal the order of the amplitude and
frequency of OAM light required to produce such a Floquet
Chern insulator. A semi-analytical approach is adopted, in
which we construct an effective Floquet Hamiltonian once
again via a van Vleck transformation, but this time in the limit
where only the leading order term is retained (see Methods),
that is, the term which scales withE2amp/ω
3, or the single pho-
ton sector. We use numerical diagonalization to confirm that
the quasienergy spectrum around zero energy for this Hamil-
tonian and with that obtained from exact numerical approach
(see Fig.4 in Methods) match at high frequencies and small
amplitudes of the light field. Most importantly, the Floquet
Chern insulator from OAM possesses a mass gap, ∆H which
scales as E2amp/ω
3, and thus it exhibits exactly the same quan-
titative behavior as the CP light driven system (as shown in
Fig.2(d)). The identical topological behavior of the eigen-
states captured through the LMCN and the correspondence of
the zero energy spectrum is suggestive of a topological equiv-
alence between the effective Hamiltonian and the Hamiltonian
of static Haldane model, which are formally very similar, al-
beit with position-dependent phases along the NNN electron
hoppings in the effective Hamiltonian.
The Floquet Chern phase in monolayer graphene can be in-
4FIG. 2. Chern insulator due to OAM drive. (a) Floquet spectrum: Energy vs. driving amplitude Eamp in a system with open boundary
(∆0 = 0.125t0, ~ω = 15t0): Closing of the band gap due to strong driving indicates the transition into a non-trivial phase. (b,c) Local Chern
numbers: Topologically non-trivial behavior of OAM driven graphene is evident from the non-zero local Chern numbers, in a rectangular
sample (b), and a corbino-shaped geometry (c). (d) Scaling of the Haldane like gap, ∆H with driving amplitude and frequency for both
CP-driven and OAM-driven graphene. Here, ∆H =
2∆0−Egap
2∆0
, where Egap is the band gap shown in (a).
duced using circularly polarized light pulses [3]. In this Let-
ter, we have demonstrated that, amazingly, the Floquet Chern
phase can also be induced efficiently using linearly polarized
light with non-zero OAM. To this aim, we calculated the Lo-
cal Markers of Chern Number and monitored the presence of
in-gap edge states. This opens new paths for the light induced
generation of topological states in solid state systems consist-
ing of monolayers, bilayers, etc. It would be interesting to
carry over these ideas to quantum simulator platforms, such as
cold atoms. Experimental realization of our idea in graphene
should be possible following the lines of Ref. [3], replacing
the driving pulse with CP, by a linearly polarized one with
non-trivial OAM. OAM provides a new way of controlling
laser-matter interaction, and can, at least potentially, be used
to realize various topological states and phases. In our simula-
tions, we assumed for simplicity a uniform (or slowly varying)
intensity throughout the entire sample for the rectangular (or
Corbino) geometry. This is obviously not the case for the stan-
dard Laguerre-Gauss (or Bessel) OAM beams. Still, regions
of slowly varying intensity occur in such beams in a form of a
ring (rings) at radius (radii) of few (several) wavelengths. The
answer to the question, which is the platform suitable for real-
ization of the effects predicted in this paper, depends thus on
the relation of the lattice constant and the laser wavelength.
Depending on the wavelength of the laser used (Terahertz,
infra-red, mid-infrared), it might be graphene itself, as in Ref.
[3], or various forms of artificial graphene [22]. In molecu-
lar graphene or in assemblies of quantum dots, for instance,
lattice constant may reach 100 nm. Another interesting possi-
bility could be to combine OAM and CP to create and impinge
on the substrate even more “exotic” topological light pulses,
such as the ones carrying topological knots [23, 24] , or bi-
chromatic fields, such as, for instance, the ones used to gen-
erate XUV harmonics with a self-torque, i.e. time-dependent
OAM [25].
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5I. METHODS
A. General form of Floquet Hamiltonian
The general form of the Floquet Hamiltonian which has
been used through out this work is given by
H =
n=N∑
n=−N
(H0 ⊗ |n〉 〈n|+ nωI⊗ |n〉 〈n|
+Hm ⊗ |n〉 〈n+m|+H†m ⊗ |n〉 〈n−m|)
(4)
where H0 is the undriven Hamiltonian for graphene, and |n〉
denotes denotes the photon degree of freedom [27]. The ele-
ments Hm are Fourier coefficients of the Hamiltonian Hm =∫ T
0
dtH(t)e−imωt.
In matrix notation, the Floquet Hamiltonian reads

H0 +Nω H1 · · · H2N
H†1
. . .
... H0
...
. . . H1
H†2N · · · H†1 H0 −Nω

(5)
By numerical diagonalization we have obtained the spec-
trum and eigenstates of the system by truncating the Floquet
Hamiltonian beyond N = 1 sector. We have verified that in-
creasing N does not result in any significant change in the
LMCN or the spectra.
The graphene Hamiltonian H0 consists of nearest-neighbor
hopping on a lattice as shown in Fig.3, and, potentially, a
substrate-induced mass term between the two sublattices. The
vectors connecting one site to its three nearest neighbors are
given by:
d1 =a(0, 1), d2 = a
(
cos
(pi
6
)
,− sin
(pi
6
))
,
d3 = a
(
− cos
(pi
6
)
,− sin
(pi
6
))
,
(6)
where a is the lattice constant of the underlying triangular lat-
tice.
The periodic driving of the graphene lattice, either with
circularly polarized Gaussian light or with linearly polarized
OAM light, is incorporated via the Peierls’ substitution:
trirj → ei
∫ rj
ri A·drtrirj → ei
(∫ ri
0 A·dr−
∫ rj
0 A·dr
)
trirj (7)
where A is the vector potential of the light used to irradiate
the sample.
B. Effective Floquet Hamiltonian for CP drive
For the CP drive, the vector potential reads A =
A0 cosωtxˆ+A0 sinωtyˆ and thus Peierls’ phase takes the fol-
lowing form
e
i
(∫ ri
0 A·dr−
∫ rj
0 A·dr
)
= eiα sin(ωt+β) (8)
0
xxxx
x(a)
xxxx
d1
5 2.5 2.5 5
4
2
0
2
4
y(
a) d2d3
a1
a2
a3
FIG. 3. Graphene lattice.
where β depends on ri and rj . Now, we express the above
expression using Jacobi-Anger expression:
eiα sin(ωt+β) =
∑
n
Jn(α)e
inβeinωt. (9)
This allows us to find the Fourier components Hn which
occur in Eq.(5). Specifically, the real space H±1 are:
H1 = t0
∑
ri,j=1,2,3
J1(A)e
iφj
(
b†ri+djari − a†ribri+dj
)
(10)
and
H−1 = t0
∑
ri,j=1,2,3
J−1(A)e−iφj
(
b†ri+djari − a†ribri+dj
)
(11)
where φ1 = pi, φ2 = pi3 , φ3 = −pi3 , and A = eEaω . The
φ phase is obtained via a Peierl’s substitution of the vector
potential. It can be shown that the commutation
[H1, H−1] = t20(J1(A))
2
∑
ri,dk−dj=a1,a2,a3
2i sin(φk − φj)(
b†ri+dkbri+dj − a
†
ri+dk−djari
)
+ h.c
(12)
where a3 = −a1 − a2 and a1, a2 are two lattice vectors for
the given honeycomb lattice (see Fig.3). The hopping be-
comes complex, but remains independent from position, as
φ1 − φ2 = φ2 − φ3 = φ3 − φ1 = 2pi3 . Thus, to lowest or-
der (i.e. in the high-frequency regime), the effective Floquet
Hamiltonian becomes identical to the static Haldane model
with t2 ∝ t20 Ew3 .
C. Effective Floquet Hamiltonian for OAM drive
In the case of OAM drive, the vector potential A(x, y) =(
Ax(r)e
ilφeiωt +A∗x(r)e
−ilφe−iωt
)
xˆ, and after Peierls’
phase substitution, we get H±1:
H1 = t0
∑
ri,j=1,2,3
J1(Aji)e
iφij
(
b†ri+djari − a†ribri+dj
)
(13)
6with
H−1 = t0
∑
ri,j=1,2,3
J−1(Aij)e−iφij
(
b†ri+djari − a†ribri+dj
)
(14)
where
Aij =
e
ω
∣∣∣∣∣
∫ ri+dj
0
eilθE · dr−
∫ ri
0
eilθE · dr
∣∣∣∣∣ (15)
and
φij = Arg
(∫ ri+dj
0
eilθE · dr−
∫ ri
0
eilθE · dr
)
. (16)
The first contribution H(1) comes out to be
H(1) = [H1, H−1] = t20
∑
ri,dk−dj=a1,a2,a3
iJ1(Aik)J1(Aij)(
sin (φik − φij) b†ri+dkbri+dj
)
− t20
∑
ri,dk−dj=a1,a2,a3
iJ1(Aik)J1(Aij) sin(φik − φ(i+α)j)a†ri+dk−djari + h.c
(17)
where ri+α = ri + aα. Again, in the high-frequency regime
the effective OAM Hamiltonian is given by
Heff = H0 +
H(1)
ω
+O
(
1
ω2
)
. (18)
As for CP driven case discussed above, H(1) introduces com-
plex hopping between next-nearest neighbor sites, so this
analysis reveals the formal ressemblance of the two cases.
However, in the OAM driven case, the phase and amplitude
of the next-nearest neighbor hopping depends on position in a
complicated manner. This impedes an analytical solution, in
particular as periodic boundary conditions cannot be applied.
For this reason, information about the topology of the system
has been obtained from the local marker of the Chern number
[20, 21] which we explicitly define in next section.
In order to evaluate the validity of the high-frequency ex-
pansion we compare the spectrum of the full Floquet Hamil-
tonian HF from Eq. (5) (truncated at N = 1), and Hnew in
Fig. 4. This confirms the validity of Hnew for driving fre-
quency ω & 25t0.
D. Local Chern number
To identify topological properties of the system we have
used local Chern numbers according to the recipe discussed
in Refs. [20, 21]. The local Chern numbers are defined as
C(ri) =
2pi
Ac
〈ri| [PxP, PyP ] |ri〉 (19)
where P is the projection on states with E > EF given by:
P =
∑
Eλ>EF
|ψλ〉 〈ψλ| =
∑
Eλ>EF
∑
ri,rj
|ri〉 〈ri|ψλ〉 〈ψλ|rj〉 〈rj |
(20)
where x =
∑
ri xi |ri〉 〈ri|.
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